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a b s t r a c t
Certain nonlinear partial differential equations (NPDEs) can be decomposed into several
more simple equations,which canpossess enoughgeneral analytic solutions. This approach
and some interesting kinds of solutions (obtained by using this method) of some
NPDEs in physics will be presented. The presented approach is somewhat similar to the
homogeneous balance method, however they are different.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Nonlinear partial differential equations (NPDE’s) play a prominent role, particularly in classical physics. In recent years
several new analytical approaches to NPDE’s have been formulated. Some of them are: a concept of strong necessary
conditions [1,2], a method of an auxiliary ordinary differential equation, [3], the homogenous balance method (HBM) [4],
some geometrical algorithms [5]. However, sometimes the solutions obtained by using thesemethodsmay be too particular
or not all solutions may be found. The using of these methods may be often hard.
The aim of this paper is to present a scheme of an alternative method of analytic solving of certain NPDE’s. We also show,
how, using this method, to obtain the exact solutions of: the O(3) σ -model in (3 + 1)-dimensions, the classical, continous
and isotropic Heisenberg model in (3 + 0)-dimensions (without an external magnetic field), the scalar Born–Infeld-like
equation in (3 + 1)-dimensions and some equation, applied in meteorology (we call it as ‘‘meteo’’ equation). It has turned
out that they possess wide classes of solutions, if some conditions are satisfied. The paper is organised in the following
way. In Section 2 we present the general procedure. Section 3 is devoted to the results for: O(3) σ model, Heisenberg model,
scalar Born–Infeld-like equation and ‘‘meteo’’ equation, these results are presented in the Table 1. In Section 4 an interesting
feature (an analogy to the Bäcklund transformation) is presented. In Section 5 we present some conclusions.
2. General procedure
I. Introductory steps
The meaning of the phrase ‘‘decomposition method’’, is such that it assumes division of an investigated NPDE for several
smaller ‘‘pieces’’, next we equal them to zero, and try to solve.
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Table 1
The values of the coefficients. The coefficients appearing on the right side are arbitrary real constants. However, of course, if they are the denominators,
they must be nonzero constants. In the case of ‘‘meteo’’ equation a connection between the parameters γi, i = 1, 2, 3, 4 of this equation and a1, . . . , c2 is
presented.
Equation Solution of 1st kind Solution of 2nd kind Combined solution
O(3)σ model a0 = a2 , a3 = −ia1 , b0 = b2 , b1 = ib3 , c0 = c2, c1 = ic3 A0 = iA5, A1 = 0, A2 =
A5, A3 = iA5, A4 = 0
a1 = −a0, a2 = −ia3, A0 =
0, A1 = A3, A2 = iA3, A4 =
iA3, A5 = 0
Heisenberg
model
a1 = i a3
√
c22+c32
c3
, a2 = a3c2c3 , b1 = i
b3
√
c22+c32
c3
, b2 = b3c2c3 ,
c1 = i
√
c22 + c32
Solution does not exist Solution does not exist
Born–Infeld-
like
a0 = a3c0c3 , a1 =
−a3(c22+c23−c20 )
c3
√
c20−c22−c23
, a2 = a3c2c3 , b0 =
b2c0
c2
,
b1 = − b2(c
2
2+c23−c20 )
c2
√
c20−c22−c23
, b3 = b2c3c2 , c1 =
√
c20 − c22 − c23 , c20 >
c22 + c23
Unphysical solution:
A0 = iA5, A1 = A5, A2 =
0, A3 = 0, A4 = iA5 , see the
comments beneath
Unphysical solution:
a0 = −a3, a1 = −ia2, A1 =
iA0, A2 = 0, A3 = 0, A4 =
A0, A5 = iA0 , see the
comments beneath
‘‘Meteo’’
equation
γ2 = − γ1a
2
1
a22
, b1 = a1b2a2 , c1 =
a1c2
a2
, γ4 = − γ3a1a2 Solution does not exist Solution does not exist
Let’s assume that the investigated NPDE has a following general form:
F(xµ, u1, . . . , um, u1,xµ , u1,xµxν , . . . , um,xµ , um,xµxν , . . .) = 0, µ, ν = 0, 1, 2, 3, (1)
wherem ∈ N and u is in general an unknown function of class Ck, k ∈ N .
We propose a procedure for solving the Eq. (1) (let’s limit it in this introduction to the case:m = 1, k = 2).
(1) we check, whether there it is possible to decompose this equation into such fragments, which are characterized by
a homogenity of the derivatives of the unknown function u. By ‘‘homogenity of the derivatives’’ we mean that these
fragments should be products of at least two factors:
A. Arbitrary expression,whichmaydepend on the unknown function u, its derivatives (this expressionmaybe obviously
a constant) and the independent variables (in general: xµ, µ = 0, 1, 2, 3)
B. A sumof: at least twoderivatives and (or) at least twoproducts of the derivatives, so thatwe can find for anyderivative
and (or) any product some other derivative and (or) other product,which has the samedegree and order. For example,
the investigated equation may be as follows:
F1 · [(u,x)2 + (u,y)2] + F2 · [u,xx + u,xy] = 0, (2)
where F1 and F2 may depend on xµ, u, uxµ , . . .. Thus, in this point the methods: this presented one and the
homogeneous balance method (HBM) are similar each other, however, the next steps of the presented method are
different to the further steps of HBM.
(2) We check, whether in Eq. (1) there is no free term (as a constant term or un, n ∈ R), not multiplied by these derivatives.
In other words, we check, whether the equation may be written in a such form, that only the fragments (homogeneous
with respect to the derivatives and (or) their products) appear.
(3) We insert some ansatzes, presented below.
All these ansatzes, placed hereunder, have a common feature: they include function f , which is an arbitrary function of
the adequate arguments. We assume that f is the function of class C2 and we give the asymptotic boundary condition:
lim
xµ→±∞ f = const, µ = 0, 1, 2, 3.
Of course, the number of the independent variables in the function f depends on the investigated equation.
(1) first kind of ansatz:
This ansatz has the form, (some ansatzes such as this one or similar to it, have been applied for particular nonlinear
field models in [6](a), [6](b), [1,7], [8](a) and [8](b)):
u(xα) = β1 + f (aµxµ + β2, bνxν + β3, cρxρ + β4) (3)
where: vµxµ = −v0x0 + EvEx, µ, ν, ρ = 0, 1, 2, 3.
(2) The second kind of ansatz:
u(xα) = β1 + f (A0x0x1 + A1x0x2 + A2x0x3 + A3x1x2 + A4x1x3 + A5x2x3 + β2). (4)
(3) Combined ansatz:
u(xα) = β1 + f (aµxµ + β2, A0x0x1 + A1x0x2 + A2x0x3 + A3x1x2 + A4x1x3 + A5x2x3 + β3). (5)
In the above ansatzes: α = 0, 1, 2, 3, x0 = t, x1 = x, x2 = y, x3 = z, and aµ, Aν, (µ = 0, 1, 2, 3, ν = 0, 1, 2, 3, 4, 5),
may be in general complex constants to be determined later and βi, (i = 1, 2, 3, 4) are arbitrary constants. Of course,
either u ∈ R or u ∈ C , according to the character of the investigated equation.
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II.What further ?
After inserting each of these above ansatzes into investigated equations, the partial derivatives of u are being changed
into the derivatives of the function f , which is included in each ansatz: D1f ,D2f , . . . ,D1,1f ,D1,2f , . . ., where the indices
denote differentiation with respect to the first and so far, arguments of the function f . Next, thanks to the homogenity of
these derivatives, we may try to decompose the investigated equation into some fragments. For example, after inserting a
two-dimensional version of ansatz of first kind (3) into (2) and collecting some terms by the derivatives of f , we get:
F1 · [(a21 + a22)(D1f )2 + (b21 + b22)(D2f )2 + (c21 + c22 )(D3f )2
+ 2(a1b1 + a2b2)D1fD2f + 2(a1c1 + a2c2)D1fD3f + 2(b1c1 + b2c2)D2fD3f ]
+ F2 · [(a21 + a1a2)D1,1f + (2a1b1 + a1b2 + a2b1)D1,2f
+ (2a1c1 + a1c2 + a2c1)D1,3f + (b21 + b1b2)D2,2f
+ (2b1c1 + b1c2 + b2c1)D2,3f + (c21 + c1c2)D3,3f ] = 0. (6)
Now, we require that all algebraic polynomials in the parenthesises must vanish. As a result we obtain a system of algebraic
equations, which solutions are the parameters a1, a2, . . ..
So, we can apply this method, if:
I. The equation should be possible to break into some fragments, which are characterized by the homogenity of the
derivatives of u and (or) their products and:
II. After inserting each of the mentioned ansatzes, obtaining an adequate system of algebraic equations should be possible.
3. Examples
For the models, presented below, the unknown function u is the function of class C2 (for O(3) model and Heisenberg
model u is complex function). If we insert the ansatzes: (3)–(5) into the equations of the presented models, some systems
of algebraic equations appear. These systems have been placed for each model in Appendix A. Because of the limited space
of the paper, Appendix A contains only a part of the conditions for the O(3) σ model, Heisenberg model, scalar Born–Infeld-
like equation and ‘‘meteo’’ equation has been placed. The results obtained for each of the models, have been gathered in the
Table 1.
3.1. Nonlinear O(3) model in (3+ 1)-dimensions and classical continous Heisenberg model in (3+ 0)-dimensions
The equation of O(3)σ model, in (3+ 1)-dimensions has a form (after making a stereographical projection), [9]:
u = 2u
∗uxµuxµ
1+ uu∗ ,
c.c. (7)
where:  = − ∂2
∂t2
+4, u ∈ C, µ = 0, 1, 2, 3.
The equation ofHeisenbergmodel is, in the variables u, u∗ (without the externalmagnetic field), a static version of (7), [1]:
4u = 2u
∗(∇u)2
1+ uu∗ .
c.c. (8)
If we insert the ansatzes: (3)–(5) into (8), it turns out that only in the case of the first ansatz is there a possibility of finding
the solution, because the condition II is satisfied only in this case.
3.2. Scalar Born–Infeld-like equation in (3+ 1)-dimensions
This equation has the form, [10]:
(1− u2,t + u2,x + u2,y + u2,z)(u,xx + u,yy + u,zz − u,tt)− u2,xu,xx − u2,yu,yy − u2,zu,zz − u2,tu,tt − 2u,xu,yu,xy
−2u,xu,zu,xz − 2u,yu,zu,yz + 2u,tu,xu,tx + 2u,tu,yu,ty + 2u,tu,zu,tz = 0 (9)
where u ∈ R.
3.3. ‘‘Meteo’’ equation
This equation has some applications in meteorology and is used for describing horizontal air flows and then we call it
here ‘‘meteo’’ equation, [11]:
(u,xy)2 = u,xxu,yy + γ1u,xx + γ2u,yy + γ3u,x + γ4u,y (10)
u(x, y) ∈ R-the stream function for the velocity of wind, x, y denotes the coordinates on the earth surface, γi = const, i =
1, 2, 3, 4. Similarly in the case of Eq. (8) only solutions given by ansatz of first kind exist for ‘‘meteo’’ equation.
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3.4. The solutions of algebraic conditions
We have given in Table 1 some of the values of the corresponding parameters a0, a1, . . . , A0, A1, . . ., as solutions of
systems of algebraic equations, derived for each of these above investigated NPDE’s.
Some comments on solutions of II kind and the combined one of Born–Infeld-like equation: As we see, the full solutions
of these kinds depend among others of complex parameters, so in this case they are unphysical. However, it turns out that
there exist real II kind-like- and real combined-like solutions, correspondingly: u(x, y, z, t) = β1 + 2A0tx + 2A0xz + 2β2,
u(x, y, z, t) = β1 + 2f (a3t + a3z + β2) + 2A0tx + 2A0xz + β3, where the function f is described in Section 2 and
a3, A0, β1, β2, β3 ∈ R.
4. Some analogy to the Bäcklund transformations
Presented solutions have an interesting feature, which may be considered to have some analogy to the Bäcklund
transformations. Namely, let’s take into account any of these ansatzes (3)–(5) for any of the equations: (7)–(10) (of course,
for the Eqs. (8) and (10) we take into account only the ansatz of first kind (3)). Then we may easily check that any function,
which argument is the ansatz, is also a new solution of the investigated equation and so on (obviously, the values of the
parameters a0, a1, . . . , A0, A1, . . . are correspondingly given for each model in the Table 1). Moreover, the density of energy
for scalar Born–Infeld-like equation (9), has the form [10]:
h = u
2
,t√
1− u2,t + u2,x + u2,y + u2,z
+
√
1− u2,t + u2,x + u2,y + u2,z − 1. (11)
If we insert any of the ansatzes into this formula, it becomes a new solution of (9), of course, when the corresponding
conditions (see Appendix B) are satisfied. Additionally, if we do so with the combined ansatz (5) (but the parameters aµ, Aν ,
have the values for the case of Born–Infeld-like equation — see the Table 1), we get some new class of solutions not only of
scalar Born–Infeld-like equation (9) (although for this equation this solution is unphysical), but also of O(3)σ model (7):
h0 = (a3D1f + A0(x+ iy)D2f )2, (12)
where f is an arbitrary function of class C2 and its dependence on variables xµ, µ = 0, 1, 2, 3 is given by (5), a3, A0 ∈ R.
Similar results are obtained in [12], where the solutions of so called universal equation are presented.
5. Conclusions
We have shown some new method of analytic solving of certain classes of equations which can be characterized by the
homogenity of the derivatives. Next, we have applied this method for: the classical O(3) σ -model in (3 + 1) dimensions,
classical, continous and static Heisenberg model, the scalar Born–Infeld-like equation in (3 + 1)-dimensions and so called
‘‘meteo’’ equation. They possesswide classes of solutions given by (3)–(5), (Heisenbergmodel and ’’meteo’’ equation possess
only class of solutions given by (3)). These classes of solutions are correspondingly more wide than: the class of solutions
of static σ model (Heisenberg model of ferromagnet) obtained in [1] and the classes of solutions of scalar Born–Infeld-like
equation obtained in [6](a) for the case of (3 + 1)- dimensions and [6](b). In [13](a) and in [13](b) a chiral σ -model in
(3 + 1)-dimensions is investigated. However, the solutions, presented there, depend only on one variable: pµxµ, unlike as
in (3).
The investigated equations also possess another interesting feature: namely, if we build arbitrary function, which
argument is any obtained solutions of each of these equations, this function becomes a new solution of the equation. The
presentedmethod has the first steps similar to the first steps of homogenous balancemethod, [4], but it offers the possibility
of finding a wider classe of solutions than this second method. Moreover, it seems that the ansatzes of the form (3)–(5) will
work well here for arbitrary number of their arguments, if some corresponding systems of algebraic equations are solvable.
It would be interesting to investigate a stability of certain solutions belonging to the found classes of solutions. For example,
such investigation, but numerical, for O(3) σ model in (2+ 1) dimensions, has been done, for instance, in Ref. [14].
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Appendix A
Because of limited space of this paper, we present here only some part of the algebraic equations, mentioned above in
the text.
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• Nonlinear O(3)σ model and Heisenberg model.
The conditions, which fulfillment provides the form of the adequate solutions of nonlinear O(3)σ model (7) and
Heisenberg model (8), have the form:
(1) The case of solution of first kind:
a12 + a22 + a32 − a02 = 0, b12 + b22 + b32 − b02 = 0, (13)
c12 + c22 + c32 − c02 = 0, a1b1 + a2b2 + a3b3 − a0b0 = 0, (14)
a1c1 + a2c2 + a3c3 − a0c0 = 0, b1c1 + b2c2 + b3c3 − b0c0 = 0. (15)
For Heisenberg model a0, b0, c0 are absent.
• Scalar Born–Infeld-like equation (9)
(1) The case of solution of the first kind:
a12 + a22 + a32 − a02 = 0, b12 + b22 + b32 − b02 = 0, (16)
a1b1 + a2b2 + a3b3 − a0b0 = 0. (17)
(2) The case of solution of second kind:
A20 + A21 + A22 = 0, −A22 + A24 + A25 = 0, (18)
−A0A1 + A4A5 = 0, −A0A2 + A3A5 = 0. (19)
(3) The case of combined solution:
−a20 + a21 + a22 + a23 = 0, a0A0 + a2A3 + a3A4 = 0, (20)
A20 + A21 + A22 = 0. (21)• ‘‘Meteo’’ equation
γ1a21 + γ2a22 = 0, a1γ3 + a2γ4 = 0. (22)
Appendix B
The computations have been done using ofWaterlooMaple Software (MAPLE 9.5 andMAPLE 11) on themachine SunFire
6800 in ACK-CYFRONET-AGH in Kraków, (grant No. MNiI/Sun6800/WSP/008/2005).
Appendix C
The author of this current paper is one of the co-authors of the paper [1], placed in References.
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